AIAA JOURNAL
Vol. 36, No. 9, September 1998

Modeling Flow and Heat Transfer in Vortex Burners

Anatoly Borissov,* Vladimir Shtern,” and Fazle Hussain?
University of Houston, Houston, Texas 77204-4792

A powerful approach s developed to predict and optimize flow pattern and to improve heat and mass transfer in
vortex burners. New analytical solutions of the Navier-Stokes, heat, and diffusion equations are obtained, and the
technique of matching asymptotic expansions is developed. This allows us to describe complex swirling flows with
recirculation zones and three-dimensional fields of temperature and concentration. This approach helps in deducing
the appropriate flow pattern, shape and position of a flame front, heat transfer, and geometry of the vortex burner.
Optimal parameters are found for flame stabilization and flame-surface expansion, prolonging the residence time
of the reactants favorable for complete combustion. This approach greatly facilitates finding the optimum because
it is much less laborious than computational fluid dynamics methods and allows a wider parametric search.

Nomenclature

= /1

i

k = coefficient of thermal diffusion

m = normal mode number

r = radius vector

T, = radius of external cylindrical surface

o = radius of vortex core, radius of internal
cylindrical surface

s = coordinate along streamline

T = temperature

To(z*) = instant temperature distribution along
the axial coordinate

T\(t,z) = &-and ¢-independenttemperature; Eq. (7)

T,(¢, ¢) =t- and z-independent temperature; Eq. (7)

t = time

v = velocity vector

X, ¥,2 = orthogonal coordinates

Ve (x) = analytical function for Landau jet exact solution

Z(r) = function of axisymmetric flame surface

z* = integration coordinate

r = circulation

AT = dimensionless temperature difference

n = boundary-layerthickness

v = kinematic viscosity

& = logarithmic radius

0 = density

RV = dimensional and dimensionless stream function

Subscripts

e = external surface

r,¢,z = radial, tangential, axial derivatives for temperature
and concentration

t = time derivative

& = logarithmic radius derivative

0 = inner surface

00 = ambient conditions

Superscript

* = virtual coordinate
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I. Introduction

REDICTION and control of combustion in vortex burners

have serious inherent difficulties. The major difficulty is that
swirling flows are typically complicated, containing recirculatory
domains. Also, the flows have features difficult to predict such as
collapse,' i.e., strong concentration of the axial and angular mo-
menta; bistability? i.e., two stable states for the same values of con-
trol parameters; the Ranque effect,’ thermal separation; and vortex
breakdown* In this paper, we develop a new powerful approach to
study complex flows and, in particular, the velocity, temperature,
and concentration fields in vortex burners. Our approach is based
on newly found analytical solutionsof the governing equations. The
key point is the generalization of the irrotational vortex sink to in-
corporate a vortical axial flow.

The planar vortex-sink or vortex-source flow is one of the sim-
plest solutions of the Euler (and Navier-Stokes) equations. Such so-
lutions (especially point vortices) are widely used as building blocks
for modeling more complex practicalflows.* Incorporatingthe axial
flow significantly enhances modeling abilities. However, previous
analytical solutions combining the sink and axial flows do not in-
volve swirl. They describe flows near an infinite porous cylinderand
in a porous annulus® and, thus, address very specific flows of limited
practical interest. In contrast, our solution addresses swirling flows
of widespread technological importance. Wang’s review’ and our
extensive literature search revealed no other works in this subject.

The vortex-sinkrelation for the radial and azimuthal velocitiesis
a common feature of many swirling flows. This essentially follows
from 1) conservationof angularmomentum in regions where viscous
diffusion is negligible and 2) entrainment of ambient fluid by near-
axis jet-like flows. The jet axis serves as a line sink for entrainment
flows, as shown by Schlichting® for swirl-free jets and by Long’ for
swirling jets.

The vortex-sink region is observed not only in open but also
in confined swirling flows. Far from boundaries, a flow is typi-
cally oblivious of most of the constraint posed by boundary con-
ditions. For instance, flows in vortex tubes® and vortex generators’
are strongly asymmetric near tangential inlet nozzles but become
nearly axisymmetriceven at downstreamdistancescomparable with
the nozzle diameter. Also, outside the boundary layer, the no-slip
condition on sidewalls does not influence the main flow of interest.
For these reasons, the fine details of boundary conditions can be
reasonably omitted for studying robust features of swirling flows,
as undertaken here.

The values of certain parameters (governed by conservationlaws)
are crucial for large-scale flow patterns. These parameters include
the entrainment rate (here the radial Reynolds number Re) and
circulation (the swirl Reynolds number I'). Such a reduction of
detailedboundary conditions to a few integral characteristicsis con-
sistent with the fact that the vortex-sinkregionis observedin a wide
variety of swirling flows. Using Reynolds number Re and I" for the
radial and swirl flows, we show that only three more parameters are
required to specify the axial velocity.
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A further extension is to use the generalized vortex sink as an
outer solution and to match with inner solutions, e.g., with the axi-
symmetric Schlichting and swirling jets, to remove the vortex-sink
singularity on the axis. This enables modeling of internal, i.e., away
from walls, separation, which is a rather subtle but common phe-
nomenon in swirling flows. Such separation causes the appearance
of recirculatory domains, which are either semi-infinite or compact
(bubble- and torus-shaped) regions. The recirculatory domains are
essential features of vortex combustion, vortex breakdown, and the
Ranque effect.

Based on the generalized vortex sink, we obtain new analytical
solutions for the heat and diffusion equations. These solutions help
in describingthe three-dimensionaldistributionsof temperature and
concentration observed in vortex burners.

Because practical flows are almost always turbulent, their mod-
eling includes interpretation of the kinematic viscosity as the uni-
form eddy viscosity. Such models are found to be satisfactory in
describing the mean velocity fields of turbulent jet-like and swirling
flows.% 191! The interpretation of the diffusion coefficients for heat
and concentrationis similar to that of the eddy viscosity.

II. Generalized Vortex Sink

We consider a steady axisymmetric swirling flow, where v, , vy,
and v, are the velocity components in cylindrical coordinates
(r, ¢, 2) (Ref. 12). The new solution of the Navier-Stokes equations
for a viscous incompressible fluid is!?

v, = Rev/r (1a)
v, =Tv/r (1b)
v, = [We+ W, r/r0)* + W, (r/r)™ v/ ry (10)

P = P — 3p(/1) (RS +T2) + p(v/10)* Pz /1o (1d)

where pis pressure, P =r3(pv?)~'dp/dzisadimensionlessparam-
eter characterizing the axial pressure gradient, and W, = P /(4 —
2Re). The dimensionless constants in Eq. (1¢) characterize contri-
butions to the axial flow from the uniform stream W., the axial
pressure gradient W, and entrainment, i.e., the effect of the radial
flow, W,. The (v,, vy) flow is the well-known vortex sink (vortex
source) for Re < 0 (Re > 0), whereas solution (1¢) for v, is new.

The streamline equation dr/ds =v is explicitly integrated to
yield

2/ro = 2o/To + a(r/ro)* + b(r/r)R¢+? +c(r/r)t (2a)
¢ = o+ S ba(r/ro) (2b)

wherea = W.(2Re)™!,b=W,[Re(Re +2)]7}, c= W,,(4Re)_1, and
the swirl parameter S = vy /v, = I'/Re. This parameternaturally ap-
pears in the theory, but S is convenient also for comparison with
practical flows. For example, S can be easily calculated for vortex
chambers, vortex tubes, and burners, where both the radial velocity
and circulation are determined by the geometry of guide vanes and
flow rate. Using the composite solutions (Secs. VI and VII), one can
calculate other swirl numbers, e.g., based on the angular and axial
momenta, which are used to treat experimental data.

The velocity field is identical on axisymmetric stream surfaces
[Eq. (2a)] differing only by a shift (zy) along z. Streamlines curve
around on these surfaces,and their projectionon z = constplanesare
logarithmic spirals [Eq. (2b)]. The planar vortex sink is a particular
case correspondingto a = b = ¢ = 0 in Eq. (2).

To visualize flow patterns for comparison with experiments, it is
convenientto use the Stokes stream function ¥, i.e., v, = —r~19W¥/
9z and v, =r~'9W/3dr. The dimensionless stream function ¢ =
W (vroRe)~! has the form

¥ =a(r/re)* + b(r/r)®+2 + c(r/ro)* — /1 3)

According to Eq. (1c), pressure decreasesas r — 0. Inasmuch as
typically I'2 >> Re” in practical applications, the pressure drop near

the axis is mainly an effect of swirl. In physical terms, this pressure
dropreflects the balance between the centrifugalforce and the radial
pressure gradient. The pressure can also decrease or increase in the
axial direction, depending on the sign of P.

Thus, the setof Eqs. (1-3)is anew five-parametersolutionfamily.
As the number of parameters is quite large, the solution can capture
a wide variety of nontrivial flow patterns. Relevant adjustment of
the parametersenables one to approximate, with relative ease, some
important elements of practical flows.

III. Two-Dimensional Solutions of the Heat Equation

The equation for convective heat transfer in cylindrical coor-
dinates,

T, 4+v.T, 4+ 0T, +v,/rTy =k[r~' (T, + r *Tys + T..]
is reduced to
rz(Tt‘}—WTZ—TZZ/Pr)‘FRETg+FT¢=(T§§+T¢¢)/PV (43)

by using Eq. (1), § = fa(r/ry), and multiplying by 2 /v. Here sub-
scripts denote the differentiation; Pr =v/k is the Prandtl number;
W =v,ry/v, Re=v,r/v, and T =v,r/v are constants; and W is
from Eq. (1¢). If the temperature field is steady and z independent,
then one has the equation with constant coefficients,

ReTy + TTy = Pr' (Tee + Tyy) (4b)
which has the normal-mode solutions,
T = exp(aé + im¢) (4c)

where o =« or «,, which are roots of the dispersion relation
o® —aPe—m? —iml,=0,and Pe=PrRe and T', = PrT are the
Peclet numbers based on the radial and swirl velocities. A general
solution of Eq. (4b) is obtained by the superposition of the normal
modes (4c¢), whose coefficients can be determined from boundary
conditions.

A. Axisymmetric Solution
In particular, the axisymmetric solution of Eq. (4b) is

T =T +T,(r/ro)"

where T, and 7, are constants. In the contextof this paper, the cases
Pe=—4Pr and —Pr are of special interest for matching with the
inner solutions (see Sec. VI.B). For Pe <0, T, = T, is an ambient
temperature (given at r =00) and 7, =T, — T., where T, is the
temperature at r = ry. One can interpret Tj, as the temperature of a
porous cylinder, which models a near-axis core. Thus, there are the
two relevant solutions

T =Ty + (Ty — T.)(r/r) " (52)
T =T+ (To— T)(r/ro))™" (5b)

Swirl does not influence the axisymmetric temperature field, but
its influence is crucial in a nonaxisymmetric heat problem. The ex-
ponents o; and «, are complex for m and I', # 0, which means
that there are temperature oscillations in the r direction. This is a
specific effect of swirl, which is of importance for combustion ap-
plications, where isothermal surfaces, e.g., the flame front, become
more extended and bent, increasing heat and mass transfer fluxes
and thus improving the combustion efficiency.

B. Nonaxisymmetric Solution

Consider the particular problem in which there is a uniform tem-
perature gradient (stratification) on the boundary r =r, of the exter-
nal cylinder and there is no heat flux at the boundary r = r of the
internal cylinder. The boundary conditions are 7 = sin¢ atr =r,
and 0T /or = 0 at r = ry, where temperature 7' is normalized to its
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amplitude value. The solution of Eq. (4b) is a superposition of the
normal modes with m = +£1,

T = real{cl (azr"1 — alr"z)[i cos(¢) — sin(¢)]
+c, (a4r"3 — a3r“4)[i cos(¢p) + sin(¢)]} (5¢)

where the coefficients are given by

a = Pe/2 + [p, +iT]7, a, = Pe/2 — [p, +iT']?

ay = Pe/2 + [p, —iT']7, ay = Pe/2 — [p, —iT']?
0.5 0.5

Cc = Cy =

a2 _ al’ a3 _ a4
ayré? — ayre a;r®’ — asre

pr =P /4 + 1

Figure 1a shows the isotherms according to Eq. (5¢) in the section
z=constatI'=50,Re=—4,Pr=1,r,=5,and ro = 1. The curve
T =0.8 is the boundary of the hottest (brightest) near-wall region,
andthe curve T = —0.8 is the boundary of the coldest(darkest) near-
wall region. The mesh is AT =0.4. The curves start and finish on
the outer wall, except the two curves 7 =0, which start at {x =
45, y=0} and finish on the inner wall. Without conduction, T
would be constant along the stream surfaces, and the curves in
Fig. 1a would become logarithmic spirals. Heat diffusion across
streamlines tends to make temperature uniform (7' =0) as r de-
creases. As a result, the curves T = const # 0 terminate at some r
as shown in Fig. la.

Figure 1b shows a three-dimensionalview of the surface T (x, y).
One can see the ridge and valley correspondingto the maximum and
minimum of T with respect to r for a fixed ¢. These extrema are
located on spiral curves that start at {x =0, y = %5} and finish on
the inner cylinder surface. If ry — 0, the temperature distributionis
similar to that shown in Fig. 1a. The curves T = 0 are logarithmic
spirals extending up to the origin, but other curves terminate at
nonzero values of r. Thus, the temperature is nearly uniform and
equal to zero in the vicinity of the origin.

In the still fluid, the solution is 7 = (r/r,) sin ¢, and therefore,
the isotherms would be horizontal lines in Fig. 1a. The vortex-sink

Fig. 1a Isotherms at the normal section.

Fig. 1b Three-dimensional view of temperature 7(x, y).

flow significantly increases the isothermal-surface area between
the cylinders and, therefore, increases heat transfer. For combus-
tion applications, region T > 0 and surface 7 =0 can be viewed
as the flame region and flame front, respectively. The flame plume
in Fig. 1a is the bright region between the curves 7 = 0. Increasing
plume surface makes combustionmore effectiveand allows remark-
able reduction in the volume of a combustion chamber; this serves
as a major advantage of vortex furnaces.

IV. Solution of the Diffusion Equation

For combustion applications, one needs also a solution of the
diffusion equation. Let C be the concentration of a gaseous fuel. If
C is small in comparison with an oxidizer concentration, then the
reaction-diffusionequation is linear:

where Ps = ScRe, I's = ScI', where Sc is the Schmidt number, and
Da is the Damkohler number, which is the diffusion/kinetic time
ratio for a chemical reaction. The last term in Eq. (6) describes the
fuel consumption (sink) due to combustion. As Eq. (4), Eq. (6) has
the normal-mode solutions

C =exp(a& + ime)

where @ = «; or «y, which are roots of the dispersion relation a’—
aPs—m? —imI's — Da=0. Figure 2a shows the results for the
boundary conditions C = (1 — sin¢)/2 atr =r, and C/dr =0 at
r =ry. We take Sc =1 and Da = 10 with other parameters remain-
ing the same as in Fig. la. The reason for Da =10 is that Eq. (6)
can be applied only for the diffusion kind of combustion, where the
characteristic time of reaction is significantly smaller than the time
of diffusion,i.e., Da>1.

Figure 2a shows the contours C =0.8, 0.6, 0.5, 0.4, and 0.2. The
isolines of concentrationand temperature are similar in Figs. 1a and
2a. However, C is small where T is large and vice versa because the
superpositionof the concentrationand temperature with appropriate
coefficients is enthalpy, which is nearly uniform along streamlines
for high Reynolds numbers. Figure 2b shows the three-dimensional
view of the surface C (x, y). Figures 1b and 2blook similar, but note
that the directions of the x and y axes are opposite.

Fig.2b Three-dimensional view of C(x, y).
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V. Three-Dimensional Thermal Solution

The preceding problems are two dimensional, whereas combus-
tionis three dimensionalin vortex furnaces. Three-dimensionalheat
transfer in the generalized vortex-sink flow needs numerical calcu-
lation in general. However, an analytical solution is also available
for a particularradial distributionof the axial velocity. Following the
analytical style of this paper, we now address this particularcase. To
make the coefficient of 7, in Eq. (4a) constant, one needs W to be
constant, which corresponds to uniform flow. This does occur with
W, = W, = 0inEq. (1c). Then Eq. (4a) is

(T, + W.T. — T../Pr) + ReT; + T'Ty = (Tex + Tyy)/Pr (7)
A solution of Eq. (7) can be found in the form
T(t,z,8,0) =T 2)+ T ¢)
where T (¢, z) is governed by the equation
T,+W.T,—Pr'T,,=0
whose general solution is a superposition of the normal modes

T = C(y)exp(yz + ), A=y /Pr—yW,

For the problem with initial condition T (¢, z) = T(z), the solution
is

2 i
reo= [ To<z*>exP[_prw} / () e
- 4 Pr

Because T» (€, ¢) is t and z independent, it satisfies Eq. (7) if 7, sat-
isfies Eq. (4b). Therefore, 7, (&, ¢) is a superposition of the normal
modes (4¢c) whose coefficients are specified by boundary conditions.
Thus, the general solution is

T(t,z,6,¢) =T, 2) + ZCyy exp(aé +imep)

where the sum is taken with respect to m = 0, £1, £2, ..., and
o = oy, «y. For a steady problem, the solution reduces to

T(z,&, ¢) = Ty exp(PrW.z) + £C,, exp(aé + imep)

Parameters m, T, and C,,, are specified along with the boundary
conditionsatr = r, and ry.

As an example, consider a model of the temperature field in a
vortex furnace, taking

1
T = 5[1 + cos(3¢) + 2exp(yz)] at r=r,

®)
T 0 .
or a

These boundary conditions correspond to the realistic furnaces
where the temperature is nearly uniform near the axis. The tem-
perature distribution on the outer cylinder has three local maxima
and minima in the azimuthal direction. The three hotregions, for ex-
ample 7' > 1.9, model combustion: Typically, there are three or four
plumes located at the same height with equal azimuthal distancesin
vortex furnaces.

To satisfy Eq. (8), the normal modes m =0 and £3 are needed.
Because there are two eigenvalues for each m, the solution is a
superposition of six modes; the calculation of coefficients, being
simple but lengthy, is omitted here. Figure 3 shows the results for
Pe=-2T,=50,y =02,m=3,r,=5,andry = 1.

Figure 3a shows the 10isotherms T = constin the range exp(0.4)
<T < exp(0.4) + 1 with the uniform mesh AT = 1—11 at z=2.
Figure 3b shows the three-dimensional view of the surface 7'(x,
v, z) =2. This surface consists of three separated parts. Each part
touches the plane z = 0 at a single point, expands upward, and is cut
at the height z =2 (to make the figure compact). One can imagine
that the regions inside the surface consist of three flame plumes.

The number of analytical solutions for heat and mass transfer
based on the preceding approach can be made significantly large.
The next stage is to develop this approach with the help of the
matching technique. First, we apply this technique to generalize the
flowfield.

r =ro,

y = PrW.

Fig.3b Surface T(x,y,z) = 2 modeling three-plume combustion.

VI. Matched Solutions

A. Matching Technique

Solution (1) having the vortex-sink singularity on the axis can
be viewed as an outer part of a more complicated flow. The outer
solution (1) and an inner solution describing a jet-like flow near the
axis can be matched so as to constitute a composite solution. A gen-
eral technique of matching asymptotic expansion'* states that the
outer, for example, y,(x), and the inner, y;(n), solutions satisfying
the condition y,(0) = y;(00) can constitute multiplicative y,, (x) =
Yo ()i (17) /i (00) and additive y, (x) = y,(x)+¥; (n) — y;(00) com-
positions, where y,, and y, are uniform approximate solutions. It is
supposed here that there is a boundary layer at x =0 and 7 is a
scaled x.

To illustrate how the matching technique works, consider the
Landaujet,'? whichis an example closelyrelated to the topic athand.
Interms of the Stokes stream function ¥, the Landau solutionis ¥ =
v(r?+272)2y(x), where y = y, = 2Re, (1 — x2)/[4 + Re, (1 — x)]
and x = z/(r* 4+ z%)!/2. Here, Re, is the Reynolds number based on
the axial velocity at x = 1.

As Re, — 00, y tends to the outer solution y,(x) = 2(1 4 x) for
1 —x = O(1) and to the inner solution y;(n) = 4n/(4 + n), n =
Re,(1 —x) in the vicinity of x = 1. The inner solution describes the
round Schlichting jet®; the outer solution describes a flow induced
by a uniform sink along the axis x = 1 and y;(00) = y,(1) = 4.

Obtaining y,, and y,, we find that y,, coincides with the exact
solution y, (for this particular example), whereas

Yo =Y. —8(1 —x)/[4+ Re, (1 —x)]

The errory, —y, = 8(1 — x)/[4+ Re,(1 —x)] < 8/Re, uniformly
tendsto zeroin —1 < x < 1 as Re, — 00.

With the help of this asymptotic technique, we obtain composite
solutions using Eq. (1) as an outer solution and matching it with
appropriate inner solutions discussed next.

B. Inner Solutions
In particular, an inner solution is needed to make v, bounded at
r = 0. The inner solution must rapidly decay as r increasesto match
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the outer solution. This implies that v, has its maximal value near
the axis, with jet-like flow in the inner (core) region. The core radius
is typically small in comparison to that of the outer region, where
Eq. (1) is valid. For this reason, one can apply the boundary-layer
approximation to the near-axis jet.

1. Long’s Jet

A strong near-axis swirling jetis described by Long’s’ boundary-
layer solution. Although Long’s solutionhas no analytical represen-
tation, the asymptotic behavior of velocity can be written explicitly

as’

v, > —vr~! (9a)
v, — vr 'T'//2 (9b)
vy —> vro D (9¢)

as r — oo at a fixed z. This asymptotic behavior is sufficient to
show that Long’s jet is well matched with Eq. (1). First, the asymp-
tote for the swirl (9¢c) agrees with Eq. (1b). Note that the next term
in the expansion’ yields the difference vy — vr~'T", which vanishes
exponentially as r — o0o. This means that the agreement is excel-
lent. Second, the asymptote for the radial velocity (9a) agrees with
Eq. (1a) at Re = —1. Concerning the axial velocity, Eq. (9b) coin-
cides with the third term of Eq. (1c) at Re=—1 and W, =T"//2.
We concludethat Long’s jetis an appropriateinner solutionand can
be matched with Eq. (1) at Re = —1.

Note that the matching occurs for all velocity components. This
is a favorable exception, as typically not all of the components can
be matched to the leading order of magnitude. For example, the wall
boundary-layerand outer solutions do not match with respect to the
normal velocity v, (whereas the longitudinal velocity v, matches).
Another example is the Landau jet, where the inner and outer solu-
tions are matched in v, but not in v,. The exceptional matching of
Long’s jet and Eq. (1) occurs because v,, v,, and v, have the same
asymptotic behavior (~r~! as r — 00) as given by Eq. (9).

It is striking that a more complicated near-axis jet does have an
analytical solution as shown next.

2. Annular Jet

A sufficiently strong swirl induces inversion of the near-axis
flow.” As the swirl increases, the position where the longitudinal
velocity (at fixed z) is maximum shifts away from the axis. The axis
is now the position of a local minimum of the longitudinal velocity.
This minimum decreases as the swirl increases and then becomes
negative (v, < 0), i.e., flow reversal occurs. With a further increase
in swirl, the v, < 0 domain expands,and the reversed flow becomes
irrotational. The near-axisregion of the irrotational flow is bounded
by an annular swirling jet.? Although the resulting flow pattern is
rather complex, there are analytical solutions for large swirl, i.e.,
[ >> 1. One of the solutions' covers only a thin region along the
axis, whereas the other'® encompasses an outer (inviscid vortical)
flow too. The solution'® describes three flow regions.

1) Near-axis flow, ¥, = —y,(1 —x)/(1 — x;) and v, = 0 for
x;<x =1

2) Annular jet, ¥; = —, tanh& and vy = I'vr~'(1 —tanh&)/2
in the vicinity of x = x;.

3) Outer flow, ¥, = ¥, {x[2— (14 x;)x/x;1/[x;(1 —x,;)]}"/* and
vy =Tvr~! for0 < x < x;.
Here

Wy = —Try R, [(1 — x)) /(1 +x))]F

5=l"xj(x—xj)/[2(1+xj)(1—sz.)%], R=(?+2)}

The annular jet direction is given by x; = cosf;, with 6; being

the polar angle of the annular jet. The preceding solution can be
combined into the composite solution

¥ = ¥,(1 +tanh&)/2 + ¥, (1 — tanh£) /2 (10a)
vy = [vr~'(1 — tanh &) /2 (10b)

which is a uniform approximation for the entire range 0 < x < 1.
A new control parameter introduced in Eq. (10) is x ;3 the other
parametersused are the same as in the outersolution(1). Considering
x; closeto 1, i.e., small §;, we now match Eq. (10) with Eq. (1).

3. Strongly Swirling Composite Flow

First, we construct a bipolar jet flowing from the origin along
the z axis in both directions. We start from solution (10), which is
valid for z > 0 only. Denoting the stream function (10a) as ¥, we
define ¥ = —, (—z) and introduce the combined inner solution
Y; =y, forz >0 and y; = _ forz <0. Thus, we obtain the inner
solution v;, which is an odd function of z and describes a bipolar
jet. Smoothing of the inner solution near z = 0 and matching with
the outer solution yields

v = a(r/ro)* + ¥, tanh(d?z? [r3) + c(r/ro)* (11a)

Because the swirl is symmetric with respect to z = 0, we have
Vpi = Vpy forz > 0 and vy = v, for z < 0, where v, is defined
by Eq. (9a) and vy_ (2) = v44(—2) forz < 0. Finally, regularization
near the origin yields

202 1 .2
M} (11b)

Vg = Ui tanh|: 5
o

The strongly swirling composite solution (11) models very com-
plex flows having up to seven recirculatory zones'> (depending on
parameter values).

4.  Weakly Swirling Composite Flow

Asswirl decreases, the annularjet (10) first transformsinto Long’s
jet and then to a weakly swirling jet, where the equations for the
meridional flow become decoupled from that for the swirl. In this
case, the meridionalmotion is described by the Schlichtingsolution®

v, = vz 'Re,[1 + B(r/2)*]72 (12a)
v, = 4vBrz *[1 — B(r/2)*]/[1 + B(r/2)*}? (12b)
v = —Brizr) ' [1 4 B(r/2)’]™" (12¢)

where Re, is the dimensionless velocity on the axis and B = Re, /
8 = 3J(64mpv?)~!, with J the axial momentum flux through a
plane normal to the jet axis.

For a fixed z, Eq. (12b) indicates that v, — —4vr~! as r — oo.
This exactly coincides with Eq. (1a) at Re = —4. The asymptotic
relation for the axial velocity is v, — 8vB~1z3r~* (as r — 00) ac-
cording to Eq. (12a). Thus, v, has the same power with respectto r
as Eq. (Ic) at W. = W, = 0, Re = —4. Note that the Schlichting
jet and Eq. (1) are matched with respect to v, but not with v,, like
the Landau jet (Sec. VL.A).

The boundary-layersolution for the weak swirl is'

vy = Tvr'[1 + 22/(Br?)]™! (12d)
The asymptotic expansion of Eq. (12d) as r — oo at a fixed z is
vy =Tvr ' —=TwB'22r 3 +...

Therefore, Eq. (12d) is an appropriate inner solution for matching
with Eq. (1b).
The additive composite solution is

v = a(r/ro)* —1/{Br*(zro)[1+B(r/2)*]} tanh(z*d* /r})
-i—c(r/rg)4 (13a)
v = Tvr'[1 4 2%/(Br*)] " tanh[(r* + 22)d* [r;]  (13b)

The factors tanh(z?d?/r?) and tanh[(r> + z%)d*/r2] are used here
to smooth the singularity at z = 0, and the parameter d defines the
smoothing scale ry/d. The value of d has minor influence on the
global flow pattern.

The typical flow patterns, i.e., streamlines of the meridional mo-
tion and the correspondingprofile of v, (r) atz = —o00, describedby
Eq. (13a) are presented in Ref. 17. The composite solution models
complex meridional flows. These flows result from contributions
due to the uniform stream, axial pressure gradient, and radial flow
induced by the swirl.

Thus, solution (13) describes a variety of flow patterns, which
typically occur in vortex devices. Now we apply this solution to
model the flowfield and the flame front in a vortex burner.
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Fig.4a Schematic of the ABB burner."”
T

flame front

Fig.4b Our model of the meridional flow and flame front.

VII. Vortex Burner
A. Flowfield

It is well known that swirling flows with recirculatory zones
provide flame stabilization and are favorable for combustion.!®
Figure 4a shows a schematic of a burner of the ABB Power Gen-
eration Gas Turbine.!” Tangential injection of gaseous fuel and air
throughthe slits in the conical sidewall generatesa strongly swirling
flow inside the burner. Liquid fuel, injected through the central noz-
zle, is atomized into drops and evaporated. The recirculatory zone
(RZ) (see the near-axis parabolic region close to the exit) provides
the upstream location of the stabilized flame front (shown as a dou-
ble parabolic curve in Fig. 4a).

Figure 4b shows a flow pattern obtained with the help of the
matched solution (13) for a =—0.33, B=5,¢=0.02, and d = 5.
Taking into accountthe turbulentcharacter of the flow in the burner,
we interpret v as the eddy viscosity, disregard the no-slip condi-
tion, and replace some of the streamlines by walls, as shown in
Fig. 4b. Hence, we cannot expect that this solution gives an ac-
curate representation of the practical flow. However, our solution
describes important qualitative properties of the flow, as compari-
son of Figs. 1a and 1b shows. The streamlines ¥y =2 shown by a
bold curve in Fig. 4b serve as the burner sidewall. The bold curve
¥ = 0 in the left part of Fig. 2b imitates the endwall; the other
bold curve ¥ = 0 located near the exit represents the boundary of
the recirculatory zone. There are also streamlines ¥ = —0.025 and
—0.05 inside and ¥ = 0.01, 0.1, 0.5, and 1 outside the RZ.

B. Model for the Flame Front

To model the flame front, we apply the following approach. Con-
sider the contribution to heat and mass transfer from diffusion to
be small in comparison with that from advection. Also neglect the
thickness of the flame front and treat the front as a surface having
uniform temperature and concentration (ignition values). Then for
steady fronts, the normal-to-front velocity of the flow v, is also
uniform and equals —v,, where v, is the propagationspeed of com-
bustion. Therefore, in such an approach2’:-! the flame front is a
surface F (r, z) = 0 governed by the equation??

oF  OF _ oF 2+ oF\’ (140
U TV T T\ Gy oz a

Representing F' = z — Z(r) and substituting in Eq. (14a) yields

dz

== [nlr - —ue] /@ - g

o=

The flame front calculated with the help of Eq. (14) is shown by
the bold curve slightly upstream of the RZ. The flame propagates
upstream (to the region where there is unburnedfuel) and the advec-
tion velocity must be positive to make the front stagnant. The choice
of v. depends on combustion components, e.g., for combustion of
pure methane in air, v, =0.3 m/s, which is the marginal value of
self-ignition >

VIII. Conclusion

1) The obtained exact solution (1) and composite solutions (10)
and (13) allow modeling complex swirling flows.

2) The new solutions of the heat and diffusion equations
(Secs. ITI-V) describe a variety of axisymmetric and three-dimen-
sional fields of temperature and concentration.

3) These solutions are applied to model a vortex burner.

4) The analytical nature of these solutions permits a wide para-
metric study to optimize the vortex burner geometry, the flowfield,
and the flame front.
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